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<N ■ Abstract 

> _ 

We consider a gravitational model on a manifold M = Mq x M\ x . . . x M n with 
\ oriented connected Einstein internal spaces M\, . . . ,M n . The matter part of the 

■ action contains several scalar fields and antisymmetric forms. With Ricci-flat inter- 

nal spaces, the model has a midisuperspace representation in form of a cr-model on 
| Mq. The latter can be used to determine exact composite electric p-brane solutions, 

' which depend on a set of harmonic functions on Mq. 

cr 
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u ■ 1 Introduction 

a ; 

At present there is an increasing interest to investigate p-brane solutions in the context of 
multidimensional gravity (see e.g. 0-[32|, and [33] for a review). These solutions general- 



ize well-known Majumdar-Papapetrou solutions ^] to the case where the additional 
matter fields are given by several scalars and antisymmetric forms of a generalized electric 
type. 



In this paper we continue investigations [2^] to find new solutions within a nonlinear 



cr-model representation for the composite case, where each antisymmetric electric form is 
just a sum of elementary ones. Solutions of such type are by now rather interesting objects 
in the context of 10- or 11-dimensional supergravity [[M |37|, superstring and M-theory 



cf. ra, m-m 
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Multidimensional cosmology with Ricci homogeneous factor spaces M\,...,M n re- 



duces to a dynamical system on minisuperspace [IT] . In many cases, including 

multicomponent perfect fluids, the effective system is Toda-like (see e.g. ^9[). This 
reduction for cosmology is a special case of multidimensional gravity with Ricci homoge- 
neous internal spaces taking the effective form of a nonlinear cr-model on Mo, described in 



with a (generalized) synchronous gauge, in |5l| with a (generalized) harmonic gauge 



and in [[5^] with arbitrary gauge. Here, we extend the cr-model representation to multidi- 



mensional gravity coupled to several scalar matter fields and generalized antisymmetric 
Maxwell fields. Under specific orthogonality conditions for certain minisuperspace vectors 
we obtain exact solutions, below also called orthobrane solutions. 

It should be noted that, in the following, the metric is apriori of arbitrary signature. 
For simplicity of the dimensional reduction, we restrict here from the outset to the case 
of connected oriented Einstein internal spaces. For the solutions below, global boundary 
conditions are hidden implicitly in a set of not further specified harmonic functions. 

2 Multidimensional geometry 

Let us now consider a multidimensional manifold 

n 

M = MoxflMi, (2-1) 

i=l 

D = A) + EA, ( 2 -2) 

i=l 

with Di := dim Mj e 1N + , equipped with a (pseudo) Riemannian metric 

n 

g = e 27(*yo) + £ e m*) g (i) = 9MN dz M ®dz N { M, N = 1, . . . , D ) (2.3) 



i=l 



where (ff and 7 are smooth scalar functions on M , 

2 (0) = 9$(x)dx» ®dx v ( fi, v = 1, . . . , D ) (2.4) 
is an arbitrary (pseudo) Riemannian metric on Mo, for i — 1, . . . , n 

g® = g min . {yi)dyT l ® dy? (m i ,n i = l,...,D i ) (2.5) 
are (pseudo) Riemannian Einstein metrics on Mj, whence there are constants £j such that 

^ ( °]=A- (2-6) 

In the following, we denote by Af^ -*] the Laplace-Beltrami operator of g(°\ by a ;At the 
covariant derivative of a w.r.t. x M and g(°\ by a,^ its partial derivative w.r.t. and 
furthermore we set (da)(d/3) := Then, the metric (|2.3|) yields 



R, u [g] = R,A9 m ]+9^{-^[g {0) h + (2-D )(d 1 ) 2 -d 1 Y, D ^} 
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+ (2 - A))(7;^ " 7,„7,,) - E - # M 7,. - <^7,„ + 



i=l 

n 



iW<?] = iW<7 (i) ] - e^sS J A[2 (O) ]0* + W)[(A) - 2)d 1 + Y.D 3 

1 3=1 

i = l,...,n, (2.7) 
and all other Ricci tensor components vanish. Let us now set 

/ = f[li <P\ ■= (D - 2)7 + E ^ (2-8) 

3=1 

where := (0*) G 1R™ is a vector field composed by the dilatonic scalar fields of the 
multidimensional geometry (|2.3| ) on M. 

Then, the Ricci curvature scalar decomposes as 



R[g]=e-^R[g^]+Y / e-^R[g^] 
i=i 

-e" 2 ^ |E A(W W) + (d/) 2 + (D - 2)(«9 7 ) 2 + 2 A \g®](J + 7 ) | , (2.9) 
which may be rewritten as 

n 

R[g]=e-^R[g^}+Y.e- W R[g {l) ] 

i=l 

-e" 5 * (E A(0*W) + (-Do - 2)(9 7 ) 2 - + 2 7 ) + R B ) , (2.10) 



.i=l 



^ := (l/^\)e-fd»[2efJWV\g^d v {f + 7 )], (2.11) 

where the last term will be seen below to yield just a boundary contribution. Here we set 
\g\ := | det(^M7v)|, \g^\ '■= I det((^)|, and analogously for all metrics g^\ i = 1, . . . ,n. 

For % = 1, . . . , n, we assume all Mj to be connected and oriented. A volume form on 
Mi is given by 

n ■= vV%i)l dyl A ... A d2/f*, (2.12) 
and the total internal space volume is 

V := n ^ ^ := / n = [ d D %sf\g~V\. (2.13) 

In any case, we tune the coupling constant k such that 

Ko:=k-V~* (2.14) 



becomes the physical coupling constant (for the case V — > oo, k — > oo, see also pOfl ) for 
the effective model on M in Einstein frame (cf. (|4.15|) below). 
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With ( 2.11 ), we define a purely geometrical action on M by 

Sgry--=^[ d D z^\{e^R B }. (2.15) 



We may use ( |2.13| ) and ( |2.14j ) to see that ( |2.15| ) is just a pure boundary term, given by a 



total flow through dM. In fact 



is indeed a (generalized) Gibbons-Hawking- York type action (compare |53|. |54|), which 
here is given by an effective D - dimensional flow through dM . 
Furthermore, let 

Q = n(n) := V^ 2 -^ = {{1}, {2}, . . . , {n}, {1, 2}, . . . , {1, 2 . . . , n}} (2.17) 

be the set of all non-empty subsets of {1, . . . , n}. The number of elements in Q is \Q\ = 
2 n — 1. Then, for any / = . . . , ik} G fi, we may assume without restriction i x < ■ ■ ■ < 
ik, and define 

Mj := J] Mi = M h x . . . x M ik , (2.18) 
iei 

Dj := '£D i = D il +... + D ik , (2.19) 

ri := T h A...Ar ik . (2.20) 

We also consider the dimension as a function of / C {1, . . . , n}, defined by 

D(I) := D u I Gil, (2.21) 

D(I) := 0, / = 0. (2.22) 

Furthermore on Mj we define a signature parameter 



e(I) := nsign(det(^g n J) G {±1}, (2.23) 



and the topological numbers 



Jjj:=-£A5}, J = l,...,n. (2.24) 

3 Matter fields 

Here we consider matter fields of scalar and generalized electric type. Here all fields will 
be essentially homogeneous in the internal space Mi x . . . x M n . 

The part of scalar matter, which is homogeneous on M, is described by a cosmological 
constant A. Besides, on M there may be several scalar matter fields 

(p a = <p a (x), xGM , a = 1,...,/ G N, (3.1) 
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which are homogeneous in the internal space Mi x . . . x M n and hence are effectively 
just just depend on M . The target values of these fields are collected in a vector (p(x) = 
(<p a (x)) G JR l . We assume further, that there exists a non-degenerate, symmetric I x I 
matrix (C a p) which yields a metric on the target space Hi' of the scalar matter fields. 
{C af3 ) denotes the inverse of {C a p). 

Given some finite set A, we define, for any a G A, a linear 1-form A a on H z with 
A a (y?) = \aa<P a , and we set A" := \ a pC^ a . Moreover, for any a G A, we define a 
differential n a -form (n a > 2) on M with 

F a = —,F a Mx ... Mna dz M i A ... A dz M ^ ( M u . . . , M na = 1, . . . , D ), (3.2) 

Wo- 

and we denote 

K r ) ■— 9 ■■■9 r M 1 ...M na - t N 1 ...N na - i 6 - 6 ) 

Below we specialize the components F a to a generalized electric type. Let A e C A be a 
non-empty subset, and 

j e :A e - V» 

a h-> fi a , e ^0 (3.4) 

a map from A e into the set V* of all non-empty subsets of Q such that 

£>(/) = n a -l, aGA e , /Gfi ,, (3.5) 



With the map (|3.4|) we make the following ansatz for generalized electric potential forms 
A a with F a = dA a , a G A e : For any a G A e and 7 G f2 Qie there shall exist a smooth 
potential function $ a,/ , which depends just on M , thus being homogeneous on the whole 
internal space Mj. The target values of these potential fields are collected in a multi- vector 
$( x ) = ($ a > 7 (x)) G © a eA e IR |na ' e| - We then set 

A a := Eien a , e ^, a G A e , (3.6) 

A a := 0, a G A \ A e , (3.7) 

where, with n from (|2.20|) , 

A a ' 7 := $ a ' 7 (x)r 7 , aGA e , / G Q a>e , (3.8) 

(no summation over 7) are elementary, electric type potential forms. In components, 
relation (|3.8| ) reads 

At..p DW &y) = en...p DW ■ • v^%ji S^O*), (3-9) 

where indices Pi, ... , Pd(i) correspond to Mj (see Q2.18Q ) with I G ft a ,e, a E A e . 

Obviously the choice (|3T6|)-(|3~8|) satisfies ( |3.5| ) and thus corresponds consistently to a 
map (" |3.40 , whence the generalized electric n a -forms F a read 

= Eien^F*' 1 , aGA e , (3.10) 

F a = a7L a = 0, a G A \ A e , (3.11) 



5 



where 

F a ' r — dA" 1 ' 1 — c/$ a ' J A T/, (3.12) 

or, in components, 

f;Lp d(i) = -ni...P D{I) =■= e Pl ...P D(1) ^\. . . a^, (3.13) 

for a e A e , I e Q a ,e- 

Note that ( |3.7|) is satisfied trivially by constant gauge potentials $"6E, aG A\A e . 
Neglecting trivial field components ( |3.11| ), we can always set A = A e . 



4 The multidimensional cr-model 

For the multidimensional geometry and the matter fields defined in the previous sections, 
we consider the action 

S = ^f d D zJ\g~\{R[g} -2A- C aP g MN d MV a d N ^ 

- E ^exp^A^KF") 2 } + Sqhy. (4.1) 

agA n<1 - 

This is an action of a self-gravitating a model on M, with topological term Sqhy and 
/-dimensional (scalar field) target space, coupled to generalized electric fields on Dj- 
dimensional hypersurfaces Mj in M. 

Variation of fl4.1|) results in the equations of motion 

Rmn — -QmnR = T MN — Ag MN , (4.2) 
Hg\v a - E ^e 2Xa{lp) (F a ) 2 = 0, (4.3) 

aeA n a- 

V Ml [g){e 2Xa(<p) F a > Ml - Mn ") = 0, (4.4) 



a 6 A, a = 1, . . . , I. In Q4.2Q the D-dimensional energy-momentum resulting from (|4.1| ) 
is given by a sum 

i 

T MN := E T MN[<p a ,g) + E e 2X ^T MN [F a , g], (4.5) 

a=l aeA 

of contributions from scalar and generalized electric matter fields, 

T MN [<p a ,g] ■= d M <p a d N <p a -^g MN d P <p a d p <p a , (4.6) 



TMN[F a ,g] :— — - 
nj 



n , n W a w a M 2 -.M n 

■^dMNl-r ) +n a P MM 2 ...M na - t N 



(4.7) 



In the following, we will only consider the case where the tensor ( |4.5| ) is without further 
constraints block-diagonal, in agreement with the multidimensional decomposition of the 
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geometry (|2.7Q and the field equations (4.2). This condition can be violated only by 
the second term of ( |4.7| ), namely when in F a } 



MM 2 ...M na ± N 



? a M 2 ...M„ a 



the indices M and N 



take values in different 1-dimensional factor spaces. We give now some criteria for block- 
diagonality of (|4.7|). 

Proposition 1: A sufficient technical criterion for block-diagonality of ( }4.5|) , without 
further restrictions on the p-branes, is 



n x : = |Wi| < 1, W x := {i\i> 0, A = !}• 



(4i 



Condition ( |4.8| ) just demands the number of (internal) 1-dimensional manifolds M i} i > 0, 
in ( |2.1|) not to be more than 1. A less restrictive criterion can be given, if we put some 
additional condition on the p-brane intersections. 

Proposition 2: Block-diagonality is still satisfied without further constraints on (|4.5|) , 
if, for rii > 1, the p-branes satisfy for all a G A e , i, j G W\ with i ^ j, the condition 

W(a; i, j) := {(I, J)\I,Je to*,*, (In J)U{z} = I $ j, (In J) U {j} = J J i} = 0. (4.9) 
Cases with non-trivial constraints on the tensor 



restrict to the case where, via condition (^7i 



are considered e.g. in Here we 
or (|4.9| ), the tensor ( |4.5|) is automatically 
block-diagonal. Then, the decomposition of the multidimensional curvature according to 
( |2.7|) and (|2.10| ) may be used to verify that, for a multidimensional geometry (|2.3| ) with 
internal Einstein spaces ( |2.6| ), with scalar matter ( |3.1| ) and generalized electric matter of 
( |3.10|) -( |3~1~2"|) , the field equations ([12l)- (|4~4] ) can be obtained as just equations of motion 
on Mo from an action 



S f = St\gWn>h<PM := A / d D °x^\e^{R[g^\ - E AW) 2 

2k Jm I i=1 

-(A - 2)(<9 7 ) 2 + (df)d(f + 27) + E &Ae 2( ^ - 2Ae 2 ^ - £ , 



i=l 



(4.10) 



where 



£ = £[(/ 0) , 0, $] := C aP d V a d^ + E E e^e 2 ^^^^^'') 2 . (4.11) 



aGA e j£f2 a ,e 

Indeed the action ( |4.10| ) coincides with the action ( |4.1| ), i.e. 

S f \gW,7, 0, <p, $] = %(<? (0) , 7, 0), ¥>, F^)], 



(4.12) 



where g = g(g^°\ , y, (p) and F = F(<&) are defined by the relations ( |2.3|) and ( 3.12j ) 
respectively. Note that the second term in ( |4.11| ) appears, according to ( |3.13j ), due to the 
relation 

_L(i?«.')2 = e (/) e -2(7+E,a D ^')(9r ; ) 2 (4.13) 



71 n 



with a G A e , 7 G f2 a ,e- 

In ( |4.10| ), a non-trivial scalar field / = 7^ yields a non- minimal coupling 

of the internal spaces (logarithmic) dilation vector <fi to the geometry on M , whence 
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this geometry does not define an Einstein frame. In such a case one might conformally 
transform the model to obtain an Einstein frame. This was e.g. discussed for the matter 
free case in ||50|| . Alternatively, we might try to choose a gauge such that / = 0. Then, all 
fields are minimally coupled to the geometry on Mq, and ( 4.10|) becomes an Einsteinian 
non- linear cr-model on Mq. 

Here we will not discuss further the subtle relation between different gauges of / and 
different conformally related frames (see e.g. j|7[ |52fl). Rather we assume in the following 
D Q 7^ 2, and use (like in ||51|| ) the (generalized) harmonic gauge / = 0, which then exists 
with 

1 n 

7 = 7(0) = ^ r EA0 J . (4.14) 
1 ~ u o i= i 

For the usual cosmological case with Dq = 1 and g(°> = —dt ® dt, the gauge Q4.14 ) is of 
course the harmonic time gauge (cf. |47|j). 

With 7 = 7(0) given by (|4.14|) , the multi-scalar-tensor action ( [4. 10|) simplifies to that 
of a purely Einsteinian cx-model 

Soig^A^,®} = S [<? (0) , 7(0), 

= A/ d D °xJ\g~W\{Rlg^] (4.15) 

-G^ (0) ^drfdrf - 2V{(j>) - C]. 

Here 

:= DiSij + 1 3 , i,j = l,...,n, (4.16) 

U — A 

yields a midisuperspace metric on the purely dilatonic part of the a-model (i.e. a minisu- 
perspace metric on the target space IR n of 0), and 

1 n 

V^V^) : =e 2 ^{A--E^Ae- 2 ^} (4.17) 

1 »=i 

is a potential on the dilatonic target minisuperspace H™. 

Thus, (|4.15|) is the action of a self-gravitating a model on Mq with a (n + I + 
SaeA e |fia, e |)-dimensional target space and a self- interaction of the dilatonic vector field 
4> described by the potential (|4.17|) . 



5 Effective cr-model with zero dilatonic potential 

Let us now consider the special case £1 = . . . = £ 2 — A = 0, where for i = 1, . . . , n the 
spaces (Mi, g^) are Ricci-flat, and the cosmological constant is zero. In this case the 
potential Q4.17D is trivial V = 0, and the self-interaction of the internal spaces dilatonic 
vector vanishes. 

With N := n + I, we define an N- dimensional vector field (cr A ) := (<p l ,Lp a ), A = 
1, . . . , n, n+1, . . . , N, composed by dilatonic and matter scalar fields, and a non-degenerate 
(block-diagonal) iV x iV-matrix 
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Furthermore we define a multi-index set as 

S e := □ {a} x Q a>e , (5.2) 

OGA e 

and, for s = (a, I) G S'e, i.e. a G A e and / G Q a!e , we set e s := e(/), $ s := $ a,/ , and define 
aiVx | S'e | -matrix 

L = (L As ) = ( f ls ):=( ! U ) , (5.3) 



where In are the topological numbers from ( |2.24| ), i = l,...,n, and X aa are the <f> a - 
components of the linear forms X a ((p), a = 1, . . . , Z. With these definitions, (|4.15|) takes 
the form 

So = A / d*xy/\ijV)\{R\g®] - G AB da A da B - £ e s e 2L ^ A (<9$*) 2 } 
Zk Jm sf - Se 

(A,B = 1,...,N). (5.4) 



The corresponding equations of motion from (|5.4j) are 



RM 0) } = G AB d, t a A d u a B + £ e s e 2L ^ <9 M $^$ S , fi, v = 1, . . . , D , (5.5) 

SGSe 

G AB A[g^]a B -J2e s L As e 2L ^ C (d^) 2 = ^ A=1,...,N, (5.6) 

s€S e 



9n J\g^\g {0),lu e 2LA ° a d v $ s =0, s e S e . (5.7) 



6 Exact solutions 

Now we present a special class of solutions of the field equations (|5.5|) - fl5"7FD . Since G is 
regular, G~ l exists. We set (G AB ) := {G AB )-\ 

< X, Y >:= X A G AB X B . (6.1) 

For s G S e let us now consider vectors 

L s = (L As ) G TR N . (6.2) 

Definition: A non-empty set S* C S'e is called an orthobrane index set, iff there exists a 
family of real non-zero coefficients {^ s }se5*> such that 

< L s ,L r >= (L T G~ l L) sr = —s s (is s )~ 2 8 sr , s,r G S*. (6.3) 

For s G S* and A = 1, . . . , N, we set 

a A := -£> s ) 2 G AB L Bs . (6.4) 

Here, ( |6~3|) is just an orthogonality condition for the vectors L s , s G S*. Note that 
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< L S ,L S > has just the opposite sign of e s , s G S*. With the definition above, we obtain 
a criterion for the existence of solutions. 

Theorem: Let S* be an orthobrane index set with coefficients (|6.4j) . If for any s 6 S, 
there is a function H s > on Mo such that 

A[g^]H s = 0, (6.5) 

i.e. H s is harmonic on Mo, then, the field configuration 

iV[<? (0) ] = 0, 0,1/ = 1,..., D , (6.6) 

a A =]Ta^ln# s , A = 1,...,N, (6.7) 

$ s = s G (6.8) 



$ s = C fl , s6S e \ 5*, (6.9) 

with constants C s G 1R, satisfies the field equations (|5.5|) - (|5.7|) . □ 

This theorem follows just from substitution of ( |6.3| )-( |6T9| ) into the equations of motion 
(|5.5|) - (|5.7|) . For the following, we assume that the set A e and the map j e in ( |3.4|) are 
chosen such that S e is an orthobrane index set, and we set 5* = S e , whence (|6.9|) becomes 



empty. From (|5.1|) , (|5.3|) and ( pT|) we get 

< L s , L r >= GPHnljj + C a ^ \ aa \/3b, (6.10) 

with s = (a, I) and r = (6, J) in S e (a,b G A e , / G Q a ,e, J G fib, e )- Here, the inverse of 
the dilatonic midisuperspace metric (|4.16 ) is given by 

whence, for I, J G O, with topological numbers Zjj from ( |2.24| ), we obtain 

G ij kiljj = D(I n J) + D ^ J) , (6.12) 

which is again a purely topological number. 

We set u aI := ^( a n. Then, due to ( |6.10| ) and ( |6.12|) , the orthobrane condition ( |6.3j ) 
reads 

D(I n J) + D( 2 J ^ J) + C^A^ = -e{I){v a]I y 2 5 ah 8 ItJ , (6.13) 
for a, b G A e , / G fl a , e , I G £)& )e . With (a, J) = s G S e , the coefficients ( |6.4| ) are 

D(/) 



O' 



- e (i)G%i£, = e(I) 5] + ^11) < 7 , i = 1, . . . , n, (6.14) 



of = — e 



(I)C^\ ja v 2 a r, (3 = 1,..., I (6.15) 
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With (cr 4 ) = ((f) 1 , ipP), according to 

4 =5>>/f s , i = l,...,n, (6.16) 

^= £a:fln# s , /3 = 1,-..,/, (6.17) 



and the gauge (|4.14j) reads 



7 =£a°ln/f s , (6.18) 



where 



*° s e(I)^-ulr. (6.19) 



2- L> 

With H aJ := ff (<M) , (§11), (|1|), and ( gig ), the solution of @) - O reads 



v se5 e 7 i=l \se,s e 7 

(a,I)eS e J [ i=l \(a,I)eS e ,l3i J ) 

with Ric[# (0) ] = 0, Ric[# (i) ] = 0, i = 1, . . . n, 
<p f, = y E°£foH, = - ]T sinC^X^ljlnHaj, P = l,...,l, (6.21) 

S&Se (a,I)eS e 

Aa = E JT-rj, aGA e , (6.22) 

where forms tj are defined in ( |2.20| ), parameters v s ^ and A a satisfy the orthobrane 
condition (|6.13 ), H s are positive harmonic functions on M , Ric[gW] denotes the Ricci- 



tensor of and fjj := 1 is always taken as convention. The orthobrane condition ( ft. 13] ) 

reads 

D(I) + ^^ + C^X aa X pb = -e(I)(u aJ )- 2 , (6.23) 

D(ln J)I^® + ^LV = 0, (a,J)/(6,J), (6.24) 

where 7 G f2 aje , J G f2 bje , a, fe G A e . 

Note that, for positive definite (C a p) (or (C al3 )) and _D > 2, ( |6.23| ) implies 

e(J) = -1, (6.25) 



for all I G fi , e , a G A e . Then, the restriction of the metric Q6.20 ) to a membrane 



manifold Mj has an odd number of negative eigenvalues, i.e. linearly independent time- 
like directions. However, if the metric {C a p) in the space of scalar fields is not positive 
definite, then ( |6.25| ) may be violated for sufficiently negative C af3 X aa X/3b < 0. In this case 
a non-trivial potential A a may also exist on an Euclidean p-brane. 
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7 Examples of exact solutions 



Many solutions are known by now in the literature. Among those, by now the ones in 
dimensions D = 10 and D — 11 are studied most extensively. Sec. 7.1 below demonstrates 



just one of the most popular examples (cf. e.g. 



In Sec. 7.2 we give explicit 



solutions for a 10 + 2-dimensional model (with 2 times) related to |57] . 



7.1 Membranes in 11-dimensional supergravity 

Now we apply our results to the special case of the bosonic part of 11-dimensional super- 
gravity |36|, |37|, given by 

5*11 — <Sii,p + cn^ii.t) (7-1) 

with a perturbative sector 

Sn, P := ^ J M d ll z^\{R[g] - 1(F) 2 }, (7.2) 
a constant en, and a topological sector 

Su,t:=7T2 I AAFAF (7.3) 
2k z Jm 

of generalized Chern-Simons form, where F = dA is just a single differential 4-form. 
Recently, in []58| a generalized canonical formalism has been applied to the topological 
quantum field theory related to (|7.3|). 

However, for the classical solutions we need only to consider the perturbative sector 
(|7.2|) . Since here |A] = 1, we suppress the label of different forms. Let us consider the 
case where 

D(I) = 3, IE n e , (7.4) 

which is the worldsheet dimension of electrically charged 2-branes (membranes). Since 
here we have no extra scalar matter fields, a special solution of orthobrane relations ( |6.23| ) 
and ( |6.24| ) with ( |7.4j) is given by 

D(lnJ) = l, I^J, (7.5) 

e{I) = -1, (7.6) 

= \ (7-7) 
for all /, J e fl e . The metric ( |6.20| ) then reads 

g = U e \gW+f2U i;e gV\, (7.8) 



U e :=( J] HA , U he := ft Hj\ (7.9) 
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where all functions Hj are harmonic on M , and the electric 4-form field has the solutions 

F=H Mf^Ar;. (7.10) 



The multidimensional manifold (2.1) must of course be compatible with the intersection 
rules (|7T5| ) and the signature restrictions ( |776|) imposed within Q e C Q. Thus, for solutions 
of intersection type ( [75| ) and signature type ( |7.6| ) there is an upper bound D < 6. 



Conditions (|7.5|) and ( [76|) admit solutions with 2 or 3 time-like intersecting 2-brane 



worldsheets, where Do = 6 or Do = 4 respectively. (Note that, the case of 4 time-like 
intersecting (1 + 2)-dimensional manifolds for Do = 2, is excluded here, since we used the 
effective a-model in the harmonic gauge / = 0.) In this example, Proposition 1 of Sec. 4 
ensures that there are no extra constraints for 



7.2 2- and 3-branes in a 10 + 2-dimensional model 

Now we illustrate a general solution for a bosonic model in dimension D = 10 + 2 (with 
2 times) that yields a consistent truncation to the perturbative bosonic sector of 11- 
dimensional supergravity (see ||57|| ). This is a model with 2 different field forms, a 4-form 
F A and a 5-form F 5 , whence we set A := {4, 5}, such that a = n a for a G A. 
The total action of this model is 

S12 = Si2,p + CuS 12 ,t- (7-H) 

with a perturbative sector 

Si2, P = ^-J d l2 z^\{R[g] + g" N d M <pdN<P ~ -U 2A ^(F 4 ) 2 - ^e 2A ^(F 5 ) 2 }, (7.12) 
2k z Jm v 4! 5! 

a constant c i2 , and a topological sector 

S 12 ,t := I A 5 A F 4 A F\ dA 5 = F 5 , (7.13) 
2«r Jm 

of generalized Chern-Simons form. For the classical solutions we need again only to 
consider the perturbative sector ( [7.12 ). In agreement with [57] we set 

A 2 :=^, A 5 :=-2A 4 . (7.14) 

Now we consider electric type solutions with A e = A. Then, the dimensions of the 2- and 
3-brane worldsheets are 



:,ej 



D(I) = 3 , I e n 4 „ 

D{I) = 4 , JefV (7-15) 

Thus, the model describes electrically charged 2- and 3-branes (carrying the electrical 
fields F 4 resp. F 5 ). The orthobrane relations (|6.23j ) and (|6.24|) are satisfied with 

D(lnJ)= 1, {D(I),D(J)}= {3,3},{3,4}, 

D(lnJ)= 2, {D(I),D(J)} — {4,4}, (7.16) 
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for all J 7^ J, 

e(J) = -1, (7.17) 

with orthobrane coefficients 

<e,/ = =2' 1 G ^ 4 > e U *V ( 7 - 18 ) 

With ( |7.17| ), all electric p-branes must have an odd number of time directions. 

With H^ e j, I G Sl^ei an d H 5 e ^, J G ^5, e , harmonic functions on M , we can now 
describe the general solution of this model. The metric reads 



g = uJg^ + jrU he gV}, (7.19) 
i=i J 



3_ 

U e :=[ J] H^A 10 ( J] H 5 ^jY, (7.20) 

n h £i)( n (7-2i) 



£4e 



The scalar field is 



( P = ~Y E ln^4, e ,/ + A 4 E ln^5, e ,j- (7.22) 

The field forms are given as 

F 4 = E ^,e,idH^ljAr(I), (7.23) 

i^ 5 = E ^>r(J). (7.24) 



Jen. 



o.e 



In the following we specify some explicit solutions of the general shape of ( [7.19Q - ( [7.24Q 
with 2 different times. The solutions can be characterized by the sets fl a ,e, a = 4, 5. 

Let us now consider the case where n — 8, the manifolds (M ,g^) and (M 8 ,g^) 
having dimensions D Q resp. D 8 with D Q + D 8 = 5, while 

M 1 = ... = M 7 = JR, (7.25) 
g W = -dti <g> dti, g (2) = -dt 2 <S> dt 2} (7.26) 
g^ = d Vi ®dy h i = 3,...,7. (7.27) 

For D = 3, 4, 5, the internal space M 8 has corresponding dimension D 8 = 2, 1, 0, respec- 
tively. In order to avoid additional constraints for ( |4.7|) in this example, we demand that 
the orthobranes also satisfy (|4.9|) of Proposition 2 in Sec. 4, and specify some explicit 
examples for an index set S e consistent with ( [4.9|) , (|7.16|) , and (|7.17|) . 
Solutions with three 2-branes and one 3-brane: 
In a first case, we consider 

ft 4 , e := {A u A 2 , A 3 }, A, := {1, 3, 5}, A 2 := {1, 4, 6}, A 3 := {2, 5, 6}, (7.28) 
^5, e := {B}, B:= {2,3,4,7}. (7.29) 
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The sets (|7.28|) and ( |7.29|) satisfy conditions (^4.9|) , ( |7.16|) and ( |7.17|) . Hence, a solution 
is given in terms of harmonic functions H A% '■= H^ eAi , i = 1,2,3, and Hb '■— H 5e b on 
(M , g^). Its metric reads 



HajHa 2 Ha 3 



Hb) 5 { 9 {0) - HxlH^dh ® dti - E- A \H- B x dt 2 ® dt 2 



+H A lH B l dy 3 ® dy 3 + H A lH B l d yi ® tfy 4 
+H^dy 5 <g> dy 5 + #a 2 X */6 ® djfc + ff^dy? ® oh/7 + 3 (8) 
while the scalar field is given as 



A 4 , H Ai Ha 2 Ha 3 

iP = m ^ . 

^ 2 fl| 



(7.30) 



(7.31; 



and the field forms are 

F 4 : 



v Al dH A ^ A dt\ A dy 3 A rfy 5 + v A2 dH A2 A dii A dy± A eh/ 6 
+v A3 dH A l A dt 2 A cfay 5 A oh/ 6 , 
vsdH^ 1 A <it 2 A A oh/4 A oh/7, 



(7.32) 



with z/f = 1/2 for all I = A u A 2 , A 3 , B. 

The solution describes two 2-branes with common time t\ (e.g. "our" time), each 
intersecting another 2-brane, which shares a second time t 2 (which e.g. may be interpreted 
as an "internal" or "shadow" time) with a 3-brane, which intersects all 2-branes. 
Solutions with two 2-branes and two 3-branes: 
As a second case, we consider 



fi 4 , e := {A u A 2 }, A l := {1, 3, 5}, A 2 := {1, 4, 6}, 
fi 5 , e := {B u B 2 }, Bt := {2, 3, 6, 7}, B 2 := {2, 4, 5, 7}. 



(7.33) 
(7.34) 



The sets (]7.33|) and ( |7.34| ) satisfy conditions (|4.9|), ( |7.16| ) and ( |7.17| ). Hence, a solution 
is given in terms of harmonic functions Hj^ := H^Ai and Hb '■= H^b, i = 1,2, on 
(M , g^). Its metric reads 



Ba x B A2 H Bl H B2 



,(0) 



■g™ - HX;H£dti <g> d*i - H B [H B v 2 dt 2 <g> dt 2 
+H A lH B ldy 3 <g> dy 3 + H A lH B ldy A ® oh/ 4 
+H A lH B l 2 dy b ® dy 6 + H^H^dye ® dy 6 + H^H^dy 7 <g> dy 7 + </ (8) }, (7.35) 

while the scalar field is given as 

(7.36) 



A 4 H Ai Ha 2 

— In — ^ 

2 ffU ' 



and the field forms are 

F 4 = u Al dH A ^ A dti A dy 3 A o?y 5 + u A2 dH A ^ A c2£i A Gh/ 4 A oh/ 6 , 

F 5 = v Bl dH B \ A di 2 A dy 3 A c?|/ 6 A o?y 7 + v B . 2 dH B l A dt 2 A oh/ 4 A oh/ 5 A oh/ 7 , (7.37) 
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where v\ = 1/2 for all I = A u A 2 , B x , B 2 . 

The solution describes two 2-branes with common time tx, each intersecting with two 
3-branes, which share another time t 2 and also intersect besides. 

Finally, it should also be noted that certain permutations of factor spaces, like e.g. 
the permutations (3, 5) or (4, 6) in the last example, can yield likewise solutions. 



8 Conclusion 

Above, we extended the multidimensional a-model 0, [51], [52] to include, besides scalar 
fields, generalized composite electric fields on intersecting p-branes compatible with its 
structure. We further elaborated an ansatz for general electric p-brane solutions (see 
also P^fl ) in terms of several harmonic functions on an effective external manifold M . 
The criterion for solutions presented in Sec. 6 is essentially based on mainly topological 
intersection conditions, corresponding to the orthobrane property ( |6.3|) . 

Our orthobrane solutions generalize the usual intersecting p-brane solutions to the 
case of Ricci-flat internal spaces (Mi,g^), i = 1, . . . , n, of arbitrary signatures. 

The solutions presented here contain the special case of flat factor spaces Mj, i = 
0,...,n (see, for example, |15|). The usually known intersecting p-brane solutions are 
given by (|6720| ) with flat M t = 1R D \ where just one of them, say M\ is pseudo-Euclidean, 
fi' (1) = Vmirndy'i 11 ® dyi\ and all others Euclidean, g (0) = b^dx^ <g> dx u , = 5 mirii dy™ % <g> 
dy^ {i > 1), and harmonic functions 



each with poles of mass m St k at x s> k, k = 1, . . . , N s , where 1 G / and D(I) = p + 1 for all 
/ G fi a ,e) a G A e . In this case the worldsheets of all p-branes have a common intersection 
in Mi containing the time submanifold. 

However, in our approach there might well exist cases where (some of) the subman- 
ifolds Mj of ( |2.18| ) are non-intersecting, or contain different time submanifolds, i.e. p- 



branes may live in different times. In fact, recently interest has risen to consider also 
solutions with arbitrary signatures p^, BO]. In this aspect, our general solution, and 



the special examples of Sec. 7.2, may be considered as a starting point for generalizing 



multi-temporal spherically-symmetric solutions |6T| to the p-brane case. We note that, in 
the presence of additional scalar matter fields, the condition ( p.23| ) may also be consistent 
with Euclidean orthobranes. 

For composite field forms of electric type ( |3.13j ), the effective Einsteinian a-model 
fl4.15|) (with Dq 7^ 2 in the harmonic gauge) admits some general solutions in terms of 
harmonic functions for the case of vanishing dilatonic potential V, i.e. Ricci flat internal 
spaces and vanishing cosmological constant. In our examples of Sec. 7, the common time 
of any intersecting p-branes is an internal one, not associated with the external space M , 
which exclusively triggers the dynamics. Therefore, all these p-branes are static. 

The general nonlinear cx-model ( (4.1|) admits also more general field forms than the 
electric ones given above by ( |3.13j ). In particular, it is possible to include both, electric 
and magnetic types. For this more general case, static, spherically symmetric solutions 
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were obtained recently in |62| . Their properties show some characteristic dependence on 
the intersection geometry of the p-branes. 

The importance of solutions with p-branes in the more specific cosmological context 
is also supported by recent examinations of |k| - pBfl . Even more, the Wheeler-de Witt 
equation and further additional constraints (which appear only when neither ( |4.8|) nor 
( 14. 9|) holds) are now a subject of investigation |)7|. However, at present, p-brane cos- 
mology still leaves many fundamental questions to be answered, especially concerning 
in relation to quantum theory. Some future work on the a-model also has to provide a 
complete treatment of the reparametrization gauge of the metric on Mq, related to the 
physical question of the appropriate frame. 

However, previous examinations at least give evidence that the multidimensional ge- 
ometry is a powerful ansatz for obtaining p-brane solutions in the bosonic sectors of 
modern supergravity theories. 
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